The phenomenon of deactivation has been observed in isolated cardiac muscle and the intact ventricle. To determine the extent to which the tension-sarcomere length relation is instantaneous, ter Keurs and co-workers [30] examined the influence of rapid length perturbations on isometric tension developed in rat trabeculae. They observed a reduction of force development if the perturbation occurred after peak tension and this deactivating effect increased if the transient was applied later during the twitch. Hunter and colleagues [15] studied the changes in left ventricular systolic pressure following steplike perturbations in ventricular volume, using an isovolumically beating, isolated canine heart preparation, to characterize the mechanical properties of the contracting left ventricle. They observed a trend for growth in the pressure decrement attributed to deactivation when a step was imposed progressively later in systole.
Introduction
The phenomenon of deactivation has been observed in isolated cardiac muscle and the intact ventricle. To determine the extent to which the tension-sarcomere length relation is instantaneous, ter Keurs and co-workers [30] examined the influence of rapid length perturbations on isometric tension developed in rat trabeculae. They observed a reduction of force development if the perturbation occurred after peak tension and this deactivating effect increased if the transient was applied later during the twitch. Hunter and colleagues [15] studied the changes in left ventricular systolic pressure following steplike perturbations in ventricular volume, using an isovolumically beating, isolated canine heart preparation, to characterize the mechanical properties of the contracting left ventricle. They observed a trend for growth in the pressure decrement attributed to deactivation when a step was imposed progressively later in systole.
The mechanical properties of isolated cardiac muscle have been studied extensively in the hope that they are representative of those of the muscle fibers in the ventricular wall. With knowledge of the constitutive relation for cardiac muscle and experimental data on cardiac anatomy, muscle fiber orientation and activation sequence, the conservation laws of continuum mechanics can be used to predict the stress and strain distributions in the myocardium arid the pumping function of the ventricles for specific loading conditions of the heart [10] . The most significant problem in developing a continuum mechanics model of the beating heart is our lack of knowledge concerning the constitutive relation for active stress in cardiac muscle.
A number of models of active tension development in cardiac muscle have been proposed. Many of the early models were based on the skeletal muscle models of Hill [12, 13] . However, Hill's model considers tetanic contractions only, and hence is inappropriate for describing cardiac muscle mechanics [10, 5] . According to Panerai [23] , Wong [33, 34] was the first to employ the sliding filament theory to model the mechanics of cardiac muscle. Wong generalized Huxley's [16] model of the skeletal muscle cross-bridge to partial and length-dependent activation. Panerai, on the other hand, employed Huxley's original model and incorporated length-dependent activation in a first-order kinetic equation describing Ca2 +-troponin C interaction. Instead of considering individual myofilaments, Tozeren [32] proposed a "continuum" model of cardiac muscle contraction. Tozeren generalized Hill's equation to partial activation to describe active fiber tension as a function of fiber strain, strain rate and time after onset of contraction. Most recently, Pinto [25] proposed a phenomenological relationship between active force, muscle length and time following stimulation. In these studies, model predictions were validated by experimental length-tension or force-velocity relations during contractions in which overall muscle length was controlled. Appropriately, Panerai accounted for the appreciable internal
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200 400 600 Time, ms 800 1000 Fig. 1 Length-independent free calcium transient that drives contraction. Free calcium increases linearly from zero to 4.35 /xM in 100 ms, decays rapidly after its peak and then progressively more slowly until vanishing 600 ms after onset of contraction. The time-to-peak was chosen so that the tension peaked in 100 ms for a range of sarcomere lengths. The shape of the decaying phase and the time that free calcium vanishes influences the shortening deactivation curve (Fig. 13) .
shortening that occurs during isometric contractions at the expense of lengthening in the damaged muscle at the clamped ends [17, 29] .
In the last 15 years, length-tension and force-velocity relations have been measured in isolated cardiac muscle preparations while average sarcomere length in a small central portion was measured by laser diffraction and controlled by a servosystem [6, 17-19, 29-31, 35] . Using these techniques, ter Keurs [28] suggested that calcium dissociation from the myofilaments increases with filament sliding and tension redevelopment depends on the sarcoplasmic calcium concentration. To the best of our knowledge, Panerai^ [23] is the only investigator to include length-dependent Ca~+ -troponin interaction in a model of active tension development in cardiac muscle. However, deactivation cannot be predicted by Panarai's model unless significant modifications to the calcium transient and Ca"' -troponin interaction are made. Moreover, as pointed out by Tozeren [32] , Panerai's model results in several thousand coupled equations to simulate isotonic contraction during a single twitch. This is because the time rates of change of available actin binding sites and cross-bridge attachment are governed by first-order kinetic equations. Recently, Lacker and Peskin [20] developed a cross-bridge model with a very simple relation between actin activation and tension development during isometric contraction. And their model is general enough to fit the complete force-velocity relation observed in isolated cardiac muscle [6, 18, 19] .
In this paper, constitutive relations for active stress in cardiac muscle are proposed and parameters are found that allow these relations to fit experimental data from the literature, including tension redevelopment following rapid deactivating length perturbations. These relations were developed for implementation in continuum mechanics models of the beating heart as in Part II. A purely phenomenological model of active stress in which the parameters have no physical meaning would have served our purposes. However, we found that a model based on biophysical events within the cell membrane (free calcium transient, Ca2 +-troponin interaction, cross-bridge cycling) could predict measurements of tension development both during isometric and isotonic contractions and following shortening transients much more accurately than an ad hoc formulation. Unfortunately, several of the assumptions made in the model concerning biophysical events within the sarcolemma are necessarily arbitrary or inconsistent with available data. These inconsistencies limit the utility of the model as an aid to uncovering the detailed biophysical basis of muscle contraction. As constitutive relations for active stress in cardiac muscle, however, the model has great value because it alone can describe deactivation as observed by experimentalists using stateof-the-art techniques. The significance of this ability is demonstrated in Part II, where these relations are incorporated in a cylindrical model for the mechanics of the left ventricle which suggests that muscle fibers in the ventricular wall shorten during the ejection phase of a normal cardiac cycle at rates sufficient to cause deactivation. A preliminary account of this model has been published [11] .
Methods
A mathematical model is proposed to predict active tension developed by a cardiac muscle fiber from peak intracellular calcium ion concentration, time after onset of contraction and sarcomere length history. Model contraction is driven by a free calcium transient that is independent of length. The number of actin sites available to react with myosin is determined from the total number of actin sites (available and inhibited), free 'calcium and the length history-dependent association and dissociation rates of two Ca~^ ions and troponin concentration as governed by Panerai's [23] first-order, classical kinetics, differential equation. Finally, the relationship between active tension and the number of available actin sites is described by Lacker and Peskin's [20] general cross-bridge model where bridges attach in a single configuration at a constant rate while the force within each cross-bridge varies linearly with position, and the rate of detachment depends both on position and time after onset of contraction.
The Free Ca" Transient. The following relation describes a rapid linear rise and hyperbolic fall in intracellular free calcium concentration Cdf(t) (see Fig. 1 ):
, 7 where / = -when 0</</0, when t$<t<t\, (1) when t\<t where / is time after onset of contraction and Ca0, to, y and t\e constants. In the present model, the peak free calcium concentration, Cff0, attained at time /0, varies with extracellular calcium concentrations whereas the time course of free calcium governed by the parameters /0> 7, and t{ is unaffected. This assumption is supported by experimental studies on rat trabeculae, but the calcium transient in cat trabeculae, as inferred from aequorin fractional luminescence measurements, becomes shorter as external calcium concentration is increased [2] . In addition, we assume that the free calcium transient is independent of sarcomere length. This assumption is largely supported by experimental measurements, although slight changes in the aequorin light signal following changes in muscle length have been observed in a number of mammalian muscle preparations [28] .
Ca2 +-Troponin C Interaction. To account for the Ca2 + -troponin C interaction in his model of cardiac muscle mechanics and energetics, Panerai [23] derived the following rate equation from classical chemical kinetics to describe the binding of two calcium ions to independent sites on the troponin molecule:
where Ac represents the concentration of actin that is free to react with myosin, A& is a constant reflecting the total amount al. [19] suggested that Eq. (7) predicts the nonhyperbolic forcevelocity behavior for shortening observed near isometric force when the dissociation rate is low at the point of attachment and high at positions beyond the equilibrium position, xt. Therefore, a piecewise cross-bridge detachment function is used in the present model (see 
where gL, g0, and gs are constants. With the cross-bridge force and detachment rate functions described by Eqs. (9) and (10), respectively, the relation between tension, normalized by isometric tension (Eq. (8)), and the velocity of shortening (Eq. (7)) is given by
gs(Ds-.\[)\d Peskin's expression for isometric tension (Eq. (8)) by re-
placing the constant Ac with the function Ac(t) (solution of differential Eq. (2)) and by replacing the function g(x) with gU, /) (Eq. 13).
Numerical Techniques. An analytical solution for the number of available actin sites (Eq. (2)) can be found if the free calcium transient is a step function:
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During steady lengthening, however, the following relation is obtained:
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In Lacker and Peskin's cross-bridge model, the maximum shortening velocity is directly proportional to the rate constant for detachment and is independent of the rate constant for bridge attachment. Experimental measurements of unloaded shortening velocity suggest that the rate constant for crossbridge detachment rises rapidly to a plateau shortly after the onset of contraction and decreases after time-to-peak isometric tension [6] , but data on the time course of this decrease in ability to shorten in scant [18] . Moreover, the effect of sarcomere length on this time course has not been examined experimentally. In order to predict experimental data from the literature, it was necessary to have the rate constant for bridge detachment decrease after time-to-peak tension in a lengthdependent manner that is not influenced additionally by sarcomere velocity. Time-dependence is incorporated in the crossbridge detachment rate function in the following manner:
where A* (t) is determined from Eq. (2), but using the rate constants of Eqs. (5) and (6) regardless of the sarcomere velocity, and tp is the time after onset of contraction at which Ac (t) attains its maximum value, Acp*. To model active tension development in cardiac muscle which is not steady under normal conditions, time-dependence is incorporated in Lacker when to < t. However, since the more realistic free calcium transient of Eq. (1) is employed and the rate constants governing Ca2 + -troponin interaction are length-and velocity-dependent, Eq. (2) was solved using a fourth-order Runge-Kutta method [1] with a time step of 5 /zs. Nevertheless, Eq. (14) was still useful for estimating some model parameters from experimental data. For each simulation of tension development in a cardiac muscle fiber, sarcomere length (/) is input at each time step (Ar). Velocity of shortening (v) is determined explicitly at each time step as -(/ -length at the previous time step.
where l is sarcomere Parameter Estimation. Model parameters were chosen by trial and error so that predicitions agreed as closely as possible with the experimental observations of active tension development in rat trabeculae from the right ventricle. Most of these data were obtained by ter Keurs and co-workers [6, 29-31 , 35 ] on trabeculae at 25° C, 2.5 mM (maximally activating) external Ca2+ concentration and stimulated at a frequency of 0.2 Hz. These results were used to determine peak tension-sarcomere length, shortening transient application time-isometric tension redevelopment, isometric twitch duration-sarcomere length and isotonic tension-sarcomere shortening velocity relationships. Since ter Keur's group did not study isotonic tension-sarcomere velocity relations during lengthening in any detail, we employ the cross-bridge properties (except the rate constant for bridge 
Fig. 12 The effect of shortening transients applied at different times during an isometric twitch on predicted tension redevelopment. Transients imposed before time-to-peak tension have little effect on tension redevelopment (A), but those applied during relaxation produce deactivation (B). During the transient of 20 ms duration, shortening and length ening velocities are 10 ^m s~1. A control contraction (dashed line) was
predicted at a constant sarcomere length of 2.14 ^m. In A, the shortening impulse was applied 20 ms after onset of contraction. Afterwards, re developed actin binding sites and twitch tension (solid lines) attained control levels for the remainder of the contraction since free calcium was still rising (Fig. 1) . In B, the shortening impulse was applied 220 ms after onset of contraction. Afterwards, redeveloped actin binding sites and twitch tension (solid line) never reach control levels because free calcium was less than 25 percent of maximum (Fig. 1) .
tachment rate constant decreased from 600 to 200 s !. Upon reproducing their predicted curves, we discovered that these detachment rates were off by a factor of 2 and hence, a value of 1200 s"1 was employed for the rate constant for bridge detachment in lengthening. The normalized force-velocity relation for lengthening motions (Eq. (12)) is also shown in Fig.  10 .
Following Rapid Length Perturbations. The desire to reproduce the experimental observations of ter Keurs et al. [30] showing the complex behavior known as deactivation was a major motivation for formulating new constitutive relations for active stress in cardiac muscle. In this experiment, triangular shortening functions were imposed upon sarcomere length at various times during a twitch such that the sarcomere length before and after the transient was 2.14 /*m. The shortening transient had a duration of 20 ms and velocities of shortening and lengthening of 10 /xm s"1. First, tension during a control contraction at a sarcomere length of 2.14 /xm throughout the duration was recorded. When the shortening transient was imposed 20 ms after onset of a subsequent contraction, the tension development following restoration of the 2.14 /zm sarcomere length was indistinguishable from that of the control twitch. However, tension redevelopment after a transient applied 220 ms after contraction onset was considerably less than in the control contraction. This deactivating effect increased as the shortening transient was imposed later during the twitch.
The model can predict these observations if free calcium decays rapidly after its peak and then progressively more slowly until vanishing 600 ms after onset of contraction, and the dissociate rate of calcium from troponin increases markedly during the transient. From the study of ter Keurs et al. [30] alone, it would appear that both shortening and lengthening at high rates enhances relaxation. However, the study of Krueger and co-workers [18, 19] suggests otherwise.
In the lengthening experiment, a trabeculae contracting at a sarcomere length of 1.94 /mi was stretched at a velocity of 2.1 /zm s~ ! until reaching a length of 2 /xm where it remained for the duration of the twitch. When the stretch was imposed either approximately 120 or 195 ms after onset of contraction, subsequent isometric tension development (after the tension transient subsided) was the same as that during a twitch at 2 /zm throughout contraction. When the stretch was imposed approximately 295 or 383 ms after contraction onset, tension development did not reach this level, presumably due to lack of free calcium (see Fig. 8 of [19] ). The present model can predict this behavior if the association rate constant for calcium binding to troponin increases significantly during the stretch (Fig. 11) .
Therefore, the velocity-dependence of the rate constants governing Ca2 +-troponin interaction was chosen so that predictions agreed with experimental observations of tension redevelopment following both shortening transients and rapid stretches. This was achieved when the Ca2 +-troponin association rate and dissociation rate constants increased in direct proportion with the velocity of lengthening and shortening, respectively. Figure 12A shows the predicted effect of a shortening transient applied 20 ms after onset of contraction on actin activation and isometric tension. The number of activated sites and tension decreased during the transient, but attained control values soon after initial sarcomere length was restored since free calcium is rising at this time. Similarly, the effect of a shortening transient applied 220 ms following onset of contraction is shown in 12B. The number of activated sites and tension redeveloped after the transient did not reach control levels, however, because free calcium at this time is less than 25 percent of its peak value. The agreement between predicted and experimentally measured tension redevelopment following shortening transients was excellent as shown in Fig.  13 . Here, peak redeveloped tension (Tr) normalized by control tension (Tc) at that time is plotted against the interval between contraction onset and the end of the transient (AO divided by control contraction duration (tc). In the model, duration is defined as the interval between onset of contraction and the time at which tension decays to 5 percent of maximum.
Discussion
In this paper, constitutive relations for active fiber stress that describe deactivation in cardiac muscle were proposed. This model predicted very realistic isometric twitches (Figs. 8  and 9 ) for a wide range of sarcomere lengths. Tozeren [32] suggested fitting an ad hoc function of time after contraction onset and sarcomere length directly to twitch time courses at various muscle lengths instead of using Panerai's [23] rate equation in his model of active tension development in cardiac muscle, due to the lack of definitive data on the free calcium transient. However, Tozeren's model is limited in its ability to predict tension development in which internal shortening is prevented (see Fig. 2 of Part II). In addition, our model predicted the full isotonic force-velocity relation of the cardiac sarcomere as observed experimentally, including the nonhyperbolic relation above 85 percent peak tension (Fig. 10) . Most importantly, excellent agreement between predicted and measured tension redevelopment following shortening transients that cause deactivation (Figs. 12 and 13) was achieved by the present model-. Fig. 3 ) much more than Ca2 + -troponin C association is affected by rapid lengthening (Fig. 2) .
One point that warrants discussion is whether the model can predict tension redevelopment in response to transients other than the ones used to generate Figs. 12 and 13. Although ter Keurs et al. [30] only presented results for this particular shortening transient, they did state that shortening at lower rates led to deactivation only if the length perturbation was imposed later following onset of contraction, and the slope of the deactivation curve depended upon rate and amplitude of the length changes. From examination of the velocity-dependence of the rate constants governing Ca2 +-troponin interaction (Eqs. (5) and (6)), it is apparent that model behavior is in accordance with these observations. Length impulses have recently been shown to produce deactivation [24] . To see whether the present model could also predict this observation, a rapid stretch and then release was imposed on the sarcomere length of an otherwise isometrically contracting muscle fiber. Figure 14 shows that the deactivation effect as predicted by the present model is actually caused by the rapid release. Hence, the present model can predict, at least qualitatively, tension development following rapid length perturbations in agreement with experimental observations other than those used to determine the values of the model parameters. Peterson and colleagues [24] used their data on force redevelopment following length impulses, imposed at various moments during contraction of rabbit papillary muscles in which the length of the muscle was held constant, to estimate the time course of Ca2"-binding to troponin C during relaxation. They determined the rate at which force was redeveloped after all the cross-bridges were presumably detached and predicted the amount of Ca~+ bound to troponin C using a four-state system model of the cross-bridge cycle. Apart from the initial phase of force redevelopment, their model was able to simulate the experimental data quite well. Moreover, all model parameters except one were estimated from previous experimental studies. However, Peterson's model does not incorporate cross-bridge displacement (distortion) as a dynamic variable and hence, is not considered realistic for describing certain aspects of muscle behavior [24] .
Unfortunately, several of the assumptions made in the present model are necessarily arbitrary or inconsistent with available data. The free calcium transient shown in Fig. 1 peaks and decays much later than that estimated from the light signal emitted from aequorin-injected rat trabeculae [2] . It could be based on release and uptake kinetics as in the modd of Zahalak and Ma for skeletal muscle activation and contraction [36] . Instead the free calcium concentration in the present model is an ad hoc function of time after contraction onset The true rate constant for calcium ions combining with troponin C is most likely diffusion limited. Thus, sarcomere length-dependence of this rate constanns probably a physical impossibility. Only one of the three Ca2 +-binding sites on cardiac troponin C initiates contraction [14, 22] instead of two as implied in Eq. 2. The ratio of dissociation rate to association rate for myosin attachment to actin of 50 describes a muscle which consumes ATP very rapidly in the isometric state and apparently more slowly in shortening states. This is in direct contrast to observation [12] . Finally, the observed steady-state ATP hydrolysis rate during isometric contraction [4] was three orders of magnitude slower than the model cross-bridge detachment rate at the point of attachment.
These inconsistencies limit the utility of the model as an aid to uncovering the detailed biophysical basis of muscle contraction. Nevertheless, most of the parameters were based on independent observations and the model was able to predict the results of other experiments. It also serves to synthesize an accumulating body of data on cardiac muscle mechanics. As constitutive relations for active stress in cardiac muscle, the model has great value because it alone can describe deactivation as observed by experimentalists using state-of-the-art techniques. In Part II, these relations were incorporated in a cylindrical model for the mechanics of the left ventricle which suggested that muscle fibers in the ventricular wall shorten during the ejection phase of a normal cardiac cycle at rates sufficient to cause deactivation.
